We discuss the possibility of zeros in the non-relativistic radiative continuum{ continuum matrix element for electron{atom (inverse) bremsstrahlung. As earlier demonstrated for upward transitions from bound states, the occurrence of di erent signs for the free-free matrix element in limiting cases, plus the requirement of continuity, implies existence of zeros. Using knowledge of the sign of the dipole matrix element in the soft and hard photon limits with one continuum electron energy held xed, we show that zeros can occur in the s{p matrix element. We discuss the connection of our results to elastic scattering and to Ramsauer-Townsend minima. We consider the observability of zeros in this (s{p) matrix element manifested as minima in the cross sections.
I. INTRODUCTION
We consider the possibility of zeros in the non-relativistic continuum{continuum dipole matrix element for radiative transitions of an electron in the static eld of an atom or ion. In previous work 1, 2] , the existence of zeros in upward transitions from bound states was predicted by calculating the sign of such transition matrix elements in the soft and hard photon limiting cases. Using arguments for the continuity of the matrix element in energy, the existence of zeros then followed whenever the sign was di erent in the two limiting cases. The present work can be considered a natural extension of these arguments to the case of continuum{continuum transitions.
In Section II we examine the behavior of the dipole radial matrix element, holding one electron energy xed, in the soft photon limit, demonstrating that the sign of the matrix element in this limit can be determined from a knowledge of the phase shifts for elastic scattering in the potential. Next we again x one electron energy and consider the limiting case where the other electron energy is taken to in nity. Utilizing the knowledge that in this limit the radial matrix element is determined at small distances 3], the sign of the matrix element may be determined by evaluating the radial integral using Coulomb wavefunctions. From the continuity of the matrix element in energy, the existence of zeros in certain cases can then be predicted. Our results for the soft photon case are also suggestive of the intimate connection to elastic scattering phenomena. In Section III we discuss this connection and the relation of free-free zeros to Ramsauer-Townsend minima observed in elastic scattering. Finally, in Section IV we discuss the issue of observability of the predicted zero crossings in these free-free transition matrix elements.
II. ZEROS IN FREE-FREE MATRIX ELEMENTS
We begin by writing the non-relativistic dipole bremsstrahlung matrix element for a spin-less electron M nrd fi = Z 2 (~ p) 1 d 3 r; (1) where 2 and 1 are continuum solutions of the full three dimensional Schr odinger equation representing the initial and nal states of the electron respectively, is the photon polarization vector andp is the momentum operator (as discussed, for example, in 4] (4) We note this radial matrix element is the same as would appear in the partial wave decomposition of the matrix element for absorption of a photon by an electron scattering from an atom or ion { inverse bremsstrahlung. Thus the considerations which follow for this matrix element also apply to the process of inverse bremsstrahlung. 
l (E; r) ! r l+1 as r ! 0:
The normalization constant N l is chosen so that, as above, the coe cient of r l+1 near the origin is unity. In the Coulomb case,
2 l e ? =2 j?(l + 1 + i )j : (8) We require that the phase shifts l and the normalization N l be continuous functions of energy 6], as are the Coulomb normalization and phase. For most potentials the normalization constant, so de ned, will not change sign as a function of energy, since an energy for which N l = 0 would correspond to a bound state in the continuum 6]. Note that, since the photon carries one unit of angular momentum (through the vector^ ), the Clebsch-Gordan coe cients in Eq. (2) are zero unless l 2 = l 1 1 and m 2 = m 1 +m, as expected in the dipole approximation.
In the following subsections we consider the radial matrix element, Eq. (4), for dipole transitions, as a function of the energies E 1 and E 2 . This matrix element is a continuous function of both E 1 and E 2 (except when E 1 = E 2 ), if (as above) we suitably choose the de nition of the normalizations of the wavefunctions l (E; r) 7, 8] . Note we have used wavefunctions ( l ) normalized so that the coe cient of r l+1 in the expansion of l (E; r) about r = 0 is unity. Since this normalization condition is independent of E, Poincar e's theorem 6] applies and the l are analytic in E. In this way we can be sure that R l 1 ;l 2 (E 1 ; E 2 ), as de ned above, is analytic except when E 1 = E 2 and that for E real and E > 0 the two limiting cases we will consider are limiting cases for R l 1 ;l 2 of the same continuous matrix element 9, 8] .
A. The soft photon limit
In the limit that the photon energy k goes to zero with one electron energy xed (the soft photon limit), R l 1 ;l 2 (E 1 ; E 2 ) is known to diverge as 1=k 2 4] . We wish to determine the sign of R l 1 ;l 2 in this limit. To obtain the leading divergent term in R l 1 ;l 2 , following Lassetre 10], we rst partition the radial integral in Eq. (4) into contributions from two regions, where r c is chosen to be su ciently large that the wavefunctions will have reached, at least approximately 11], their asymptotic form given by Eq. (6). If we analytically evaluate the integral I d using (6) and retain only the dominant term in the soft photon limit, we obtain
where we have taken E 1 E 2 = E. 
We see that in the soft photon limit R l 1 ;l 2 (E 1 ; E 2 ) is singular with a sign that depends upon the phase shift di erence l 1 ;l 2 (E) and on the signs of N l 1 and N l 2 . Whenever l 1 ;l 2 (E) crosses n , for integers n, as a function of E the matrix element in the soft photon limit passes through zero and changes sign. Examples of such crossings can be found in realistic elastic scattering phase shift calculations 13{15]. Of course, it may be possible for l 1 ;l 2 (E) to become equal to n without crossing it. In such a case, the soft photon matrix element would have a zero but would not change sign. We do not address such phenomena explicitly here and we will be concerned with and refer to \zero crossings" throughout this paper.
In the pure Coulomb case l 1 ;l 2 (E) can be written analytically, using the relation 16] arg ?(z + 1) = arg ?(z) + tan ?1 y x ; (11) where z = x + iy and x and y are real and the range of the arctangent is taken to be ? =2 ; (12) with the range of the arcsine function taken to be ? =2 to =2. For an attractive Coulomb potential ( ion < 0), we have 0 < coul l 1 ;l 2 (E) < =2. The Coulomb normalization is given by Eq. (8) and is always positive. Thus, in an attractive pure Coulomb potential, the matrix element in the soft photon limit R l 1 ;l 2 (E; E) never changes sign. In the pure Coulomb case we obtain the soft photon result 17] R coul
; (13) which is always positive for an attractive Coulomb potential ( ion < 0), so that there are no soft photon zero crossings in this case. We note that in a pure Coulomb potential it has been shown 18] that, more generally, the matrix element R l 1 ;l 2 has no zeros, is always positive and is a monotonically decreasing function as one goes away from the singularity of the soft photon limit. In a neutral or partially ionized atom, the detailed behavior of the phase shifts depends upon the potential under consideration. In general we can require 6] that l ! 0 as E ! 1; l has the same property. Thus we have
For neutral atoms, invoking Levinson's theorem 19,6], we can require that the short range phase shifts, taken to be continuous in energy 6], go to n l as E ! 0, where n l is the number of bound states with angular momentum l (with the exception of potentials with a virtual l = 0 bound state at threshold, sometime called a \half bound state", in which case we de ne n 0 as the number of actual l = 0 bound states plus 1 2 ). Therefore
For neutral atom potentials which do not support an l = 0 virtual bound state at threshold R l 1 ;l 2 (E; E) ! 0 as E ! 0. For such potentials, since l 1 ;l 2 (E) is a continuous function of E, if j l 1 ;l 2 (0)j > there will be at least jn l< ? n l> j?1 additional zero crossings in R l 1 ;l 2 (E; E) for E > 0 (and a zero in the limit E ! 1), assuming there are no bound states in the continuum. For neutral atom potentials which do support an l = 0 virtual bound state at E = 0, the number of zero crossings for E 0, in addition to the zero at in nite energy, is jn l< ? n l> ? 1=2j when j l 1 ;l 2 j 3 =2. For such cases the matrix element is non-zero at E 1 = E 2 = 0. We note that these conditions for soft photon zero crossings would force a zero in the soft photon radial matrix element. They are su cient, but not necessary, conditions for the existence of zero crossings in the soft photon limit. In Section III we will give an example of zeros in the soft photon limit, corresponding to Ramsauer-Townsend minima in elastic scattering, which are not required by the arguments above.
For positive ions, we can use a generalization of Levinson's theorem 20{22] which gives the zero energy phase shifts in terms of zero energy quantum defects l (0). We make the replacements n l> ! l> (0); n l< ! l< (0); and use the result for the di erence of zero energy Coulomb phase shifts, coul l 1 ;l 2 (0) = =2, from Eq. (12), to obtain instead of (15) ion l 1 ;l 2 (0) = ( l< (0) ? l> (0)) + =2: (16) If ion l 1 ;l 2 (0) > then soft photon zeros (in addition to the zero for E ! 1) for E > 0 are required in the ionic cases. Again, this condition is su cient but not necessary. There will be a soft photon zero at E = 0 in the ionic case only if ion l 1 ;l 2 (0)mod = 0. In a study of photoionization, Yang 23] gives quantum defect di erences at threshold as a function of Z for all Z, showing that, for the potentials considered in his work, this condition is satis ed for many atoms. In this subsection we have shown that the sign of the free-free radial matrix element in the soft photon limit can be obtained from a knowledge of the elastic scattering phase shifts. We have also demonstrated that Levinson's theorem or its generalization can be applied to deduce the required existence of zero crossings in the soft photon radial matrix elements in some cases. We will show in the next subsections that sign changes in the soft photon matrix element are indications of the existence of zero crossings in the general bremsstrahlung radial matrix element R l 1 ;l 2 (E 1 ; E 2 ), even away from the soft photon limit.
B. The high energy limit
We now want to determine the sign of the matrix element R l 1 ;l 2 (E 1 ; E 2 ) in the limit E 1 ! 1. (For convenience of notation we will discuss only the case where E 2 is xed and E 1 varies but the same arguments apply when reversing the roles of the energies.) For large E 1 , (E 1 ; r) will oscillate for p 1 r 1. Since the other terms in the integrand of (4) are slowly varying on this scale, the important contributions to the integral occur when r is of the order of 1=p 1 , since for larger distances the integrand oscillates rapidly. The radial matrix element for xed l in this high energy limit will be determined in this small r region. Since a realistic atomic potential would have nuclear Coulombic behavior at this length scale, it is su cient to use wave functions l (E; r) for a particle in a Coulomb potential with nuclear charge Z. That is, we can use the reduced Coulomb functions l (E; r) = F l ( ; pr) (normalized to r l+1 near the origin), where = ?Z=p is the (nuclear) Coulomb parameter.
It has previously been demonstrated 24] that the dipole Coulomb free-free matrix element is positive everywhere (and thus in the high energy limit considered here). It is nevertheless useful to obtain an expression for the matrix element in this high energy limit. We may expand the wavefunction for the slow electron, l 2 (E 2 ; r), about r = 0, keeping terms up to order r l 2 +2 (the rst two terms): 
for both upward and downward transitions. That is, the matrix element R l 1 ;l 2 (E 1 ; E 2 ) is positive in the limit that E 1 ! 1.
C. Zero crossings
The consequences of these results for the signs of R l 1 ;l 2 (E 1 ; E 2 ) can be most easily understood by looking at the rst quadrant of the schematic illustration in Figure 1 . From the result for the signs in the high energy limiting case described above we see that if R l 1 ;l 2 (E ? ; E ? ) < 0 for some choice of E ? , since R l 1 ;l 2 is continuous, there must be at least one zero (or more generally, an odd number of zero crossings) along any path, con ned to the rst quadrant without crossing the soft photon line, connecting (E ? ; E ? ) to (E 1 ! 1; E ? ).
Similarly, if R l 1 ;l 2 (E + ; E + ) > 0 then we predict an even number of zero crossings (possibly none) along such a path.
While the exact trajectory (or trajectories) in the (E 1 ; E 2 ) plane of the curve(s) of zero crossings probably requires detailed calculation, based on our previous discussion we can see that it is required that one such trajectory intersect any soft photon zero crossing. Thus a zero in the soft photon matrix element must persist in bremsstrahlung away from the soft photon limit. (How far is yet unknown; results from bound-free transitions suggest that this depends on the choice of potential and change of angular momentum in the transition 23].) Closed loops of zero crossings (or paths for which both ends extend out of the rst quadrant) are allowed but paths which end in the rst quadrant away from the the soft photon limit are not. We illustrate this in Figure 2 .
We remember, as noted above, that Levinson's theorem for short range potentials which do not support l = 0 virtual bound states at threshold requires a sign change in the soft photon matrix element R l 1 ;l 2 (E; E) for E > 0 if the condition jn l 1 ? n l 2 j > 1 on the di erence of the number of bound states is satis ed. Similarly, the generalization to quantum defects for ions requires a soft photon zero crossing for E > 0 if j l< (0) ? l> (0) + 1=2j 1. Thus in these cases an energy E ? where R l 1 ;l 2 (E ? ; E ? ) < 0 must exist and, since R(E ? ; 1) > 0, there must be zero crossings in the bremsstrahlung matrix element R(E ? ; E 2 ) for some E 2 .
In the theory of bound{free transitions for a neutral atom (all states in a potential with an asymptotic ionic Latter tail) it is well known that there can be a sequence of zeros in the matrix elements for transitions between Rydberg states and the continuum. In Figure 1 we have included such a sequence (in the second quadrant) for illustrative purposes. One can anticipate a continuation of such a curve of zero matrix elements into the free-free regime for such an ionic potential.
III. RELATION TO ZEROS IN ELASTIC SCATTERING
It is well known that the soft photon region (E 1 E 2 ) of bremsstrahlung is related to another atomic process { elastic scattering { through the low energy theorem 30]. Consequently the zeros in the soft photon bremsstrahlung matrix elements are related to zeros in elastic scattering. It is possible, for this soft photon region, to write the bremsstrahlung radial matrix element R l 1 ;l 2 in terms of elastic scattering amplitudes or matrix elements. This allows us to see the relationship between zeros in the matrix elements for the two processes.
The relationship between matrix elements can be obtained directly through manipulation of Eq. (10). Here we demonstrate that, as noted, it is a direct consequence of the nonrelativistic form of the low energy theorem for soft photons. Low 30] obtained the rst two terms of the expansion of the bremsstrahlung matrix element in powers of k, the lowest order term in the series being of order 1=k. If we retain only this lowest order term in Low's expansion and write its non-relativistic form we obtain M brem ! 1 k^ (p 1 ?p 2 )M elas as k ! 0; (26) where M elas is the elastic scattering matrix element. We note that this expression gives a dipole photon angular distribution. That is, we did not make a dipole approximation but, as expected, when we neglect relativistic terms in the low energy theorem (of higher order in the electron velocity ), we obtain a dipole angular distribution for the emitted photon.
The matrix elements in Eq. (26) correspond to total matrix elements, not radial matrix elements. To obtain the corresponding relationships for the radial matrix elements we must expand M brem and M elas in partial waves series. The expansion of M brem M nrd fi can be found in Eq. (2) where the elastic scattering amplitudes f elas l (p) = e i( l + l ) sin( l + l ) p : (27) We write the right hand side of Eq. (26 where the notation for the spherical vector (^ ) n has been used (see Section I). Note that we are not retaining terms of higher order in k; we have used p 1 p 2 p (for the magnitudes only!). We now utilize the orthogonality properties of the spherical harmonics, 
Thus R l 1 ;l 2 can be expressed in terms of the elastic scattering amplitudes for partial waves l 1 and l 2 . If we insert the expressions, Eq. (27), for f elas l in terms of elastic scattering phase shifts we obtain Eq. (10).
We now discuss some features of the elastic scattering matrix elements that are, in view of the previous discussion, relevant to zeros in the bremsstrahlung matrix element. It is well known from the theory of elastic scattering that, in a short range potential at very low energy, the l = 0 phase shift and therefore the l = 0 matrix element dominates 6]. Under circumstances described in 31] it is possible that the l = 0 phase shift can pass through n , n = 0; 1; 2; ::: in a region where it is the dominant phase shift (the potential must be su ciently strong at small r to accommodate an integral number of wavelengths of the l = 0 wavefunction at energies where other phase shifts are small). This causes a zero in the dominant l = 0 matrix element in elastic scattering and therefore a minimum in the total elastic scattering matrix element M elas . Such minima are called \Ramsauer-Townsend minima". They have been observed in experiments involving elastic scattering from noble gas atoms 31]. In Figure 3 we show the phase shifts obtained by Holtsmark 13 ] using a Hartree-Fock potential with an imposed long-range static dipole interaction resulting from static polarizability (see 32]). We see that at energies less than about 5 eV, the l = 0 phase shift is dominant, while near 2 eV it passes through 3 , causing a Ramsauer-Townsend minimum. It is also clear from this gure that (modulo ) the same phase shifts, and thus the elastic scattering amplitudes, cross near 2 eV, causing a zero and sign change in the soft photon bremsstrahlung matrix element in Eq. (28) . We refer back to Figure 1 which, if we take E 0 = 2 eV, represents the soft photon result for Argon. In that gure we have sketched a possible trajectory of zeros, passing through this soft photon zero. From our discussion we can be assured that in cases where Ramsauer-Townsend minima occur there will also be zeros in the (s{p) bremsstrahlung matrix element away from the soft photon limit.
IV. OBSERVABILITY OF ZEROS
We now wish to address the observability of the free-free zeros we have discussed above. For bremsstrahlung many electron angular momenta, and so many transition matrix elements, begin to contribute to cross sections at energies low compared to energies considered in current experimental and theoretical e orts; they contributed at still lower energies to angular distributions. We know from elastic scattering that higher phase shifts become comparable to s{wave phase shifts by 10 eV in neutral noble gases, so observation of zeros causing Ramsauer-Townsend minima may be con ned to the region near 1-10 eV. Zeros in bremsstrahlung matrix elements from neutral atoms (but less likely for ions, for which many matrix elements generally contribute at most angles) can likewise be observable when both initial and nal electrons are of low energy. However, in bremsstrahlung there is additional opportunity for observation, since as long as one electron is slow, small numbers of its partial waves contribute in bremsstrahlung even as the other electron becomes fast. Whenever dipole approximation remains valid, only a few radial matrix elements are important, and one can still expect to see e ects of these zeros, as in the tip region of the spectrum of faster electrons. Note that the bremsstrahlung spectrum is fairly well described in non-relativistic dipole approximation (cancellation of relativistic, retardation and higher multipole e ects 33]) up toward 100 keV, so that in the tip region the s{p dipole matrix elements continue to play a dominant role in the spectrum: e ects of any zeros should be visible.
Also inverse bremsstrahlung, absorption of a photon by a slow electron scattering from an atom or ion, would be a prime candidate for observation of such zeros. In many cases experiments are conducted at electron energies 1 eV < E 1 < 300 eV and photon energies near the soft photon regime (typically the external eld is due to CO 2 lasers with h = 0:117 eV) 34{37]. Thus we would expect that at some electron energies the scattering electrons would be transparent to the laser in the region of the zeros discussed here.
There are several previous works which might suggest the existence of observable zeros in free-free transitions. In one calculation Zon 38 ] observed a deep minimum in the spectrum for absorption of a photon by low energy electrons scattering from Argon. In this work, however, Zon (appropriately) included the e ects of the dynamic (rather than static) polarizability of the atom in an approximate way; it is unclear what e ect this treatment has on the arguments here. Zon states that his observation is unrelated to Ramsauer-Townsend minima because the \frequency corresponding to the photoabsorption minimum is much higher in this case than the width of the Ramsauer dip." Our results here would indicate that zeros connected to Ramsauer-Townsend minima may be visible at energies away from the soft photon limit. In another investigation, Green 39, 40] observed, but did not discuss, minima in transition cross sections obtained from non-relativistic dipole calculations (retaining all important dipole contributions) using wavefunctions corresponding to continuum electrons in nite temperature and density Thomas-Fermi potentials. In a third related work, Ashkin 41 ] compared various approximate theories to an \exact calculation" (nonrelativistic but with all partial waves included) of the spectrum for absorption by electron scattering from Argon. Ashkin used the potential of Holtsmark 13] , which includes a static polarizational tail and is known to produce a Ramsauer-Townsend minimum near 2 eV. His results indicated a shallow minimum in absorptivity at incident electron energies near 0.3 eV, corresponding to the outgoing electron energy of about 2 eV { far from the soft photon regime. However, this minimum is shallow enough that it is di cult to discern.
V. SUMMARY
We have demonstrated the possible existence of zeros in the bremsstrahlung matrix element by calculating the sign of this matrix element in two limiting cases { the soft photon limit, and the fast incident electron limit { and showing it need not be the same. Since the soft photon bremsstrahlung is related to elastic scattering, zeros in the soft photon bremsstrahlung are related to zeros in the elastic scattering matrix elements, in some circumstances observed as Ramsauer-Townsend minima. We have demonstrated that Levinson's theorem can be invoked to identify situations in which zeros in the soft photon radial matrix element, and therefore in the radial matrix element away from the soft photon limit, must exist. Similarly, we have used the extension of Levinson's theorem to the case of ionic species to identify situations where such zeros must exist in ions. We have argued that zeros in free-free matrix elements can be observable if the energy of either (or both) the incident or outgoing electron is su ciently small. 
